1 Heegner point algorithms
Heegner points attached to imaginary quadratic fields
The theory of complex multiplication. It is instructive to briefly recall the theory behind the classical Heegner point construction. Fix a positive integer N , and let X 0 (N ) be the modular curve classifying pairs (A, A ) of generalized elliptic curves together with a cyclic isogeny A → A of degree N . Its set of complex points is a Riemann surface admitting the complex uniformisation:
where H * = H ∪ P 1 (Q) is the extended upper half plane and Γ 0 (N ) is the set of elements of SL 2 (Z) whose reductions (mod N ) are upper triangular. The map η sends τ ∈ H to the point of X 0 (N )(C) associated to the pair (C/ τ, 1 , C/ τ, 1/N ) of elliptic curves over C related by the obvious cyclic N -isogeny.
Let O be an order in a quadratic imaginary subfield K of C. Such an order is completely determined by its discriminant D. The Heegner points attached to O correspond to the pairs (A, A ) of N -isogenous elliptic curves satisfying
End(A) End(A ) O.
Assume for simplicity that D is prime to N . Then such a pair (A, A ) is of the form (C/Λ, C/Λ ) where (up to homothety) Λ and Λ are projective O-submodules of K satisfying Λ = nΛ , for some factorization (N ) = nn 1 See for example the discussion in [BD] relating these points to derivatives of p-adic L-functions.
of N as a product of cyclic O-ideals. The set of Heegner points associated to O forms a Pic(O)-affine space via a * (A, A ) = (Hom(a, A), Hom(a, A )), a ∈ Pic(O), (A, A ) ∈ X 0 (N ).
On the level of complex tori, this action is described by the rule a * (C/Λ, C/n −1 Λ) = (C/a −1 Λ, C/a −1 n −1 Λ).
The natural action of G K := Gal(K/K) preserves the set of Heegner points attached to O, and commutes with the action of Pic(O). Hence the action of G K on the collection of Heegner points attached to O is determined by a homomorphism δ : Gal(K/K) → Pic(O) satisfying δ(σ) * (A, A ) = (A, A ) σ , for all Heegner points (A, A ) with End(A) = O.
In particular, δ factors through the Galois group of an abelian extensionH of K, and the Heegner points attached to O are defined overH. Let p be a prime of K which is unramified inH and for which A with End(A) O has good reduction. Let P be a prime ofH above p. A direct calculation shows that the elliptic curve obtained by reducing A (mod P) and raising its coefficients to the (#O K /p)-power is isomorphic to p * A reduced (mod P). Under this bijection, the (point on H/Γ 0 (N ) identified by η with the) Heegner point corresponding to such a quadratic form is the class of τ where τ ∈ H is the unique root of the dehomogenized form Ax 2 + Bx + C. Thus a list of representatives τ 1 , . . . , τ h ∈ H (where h is the class number of O) of Heegner points can be computed efficiently by using Gauss' theory of reduced primitive integral binary quadratic forms (see for example the explanation at the end of section 5.2 of [Co] ).
Heegner points on elliptic curves. Let E be an elliptic curve defined over Q of conductor N . By the modularity theorem ( [W] , [TW] , [BCDT] ), E is equipped with a nonconstant morphism of curves over Q -commonly referred to as the Weil parametrisation attached to E -φ : X 0 (N ) → E mapping the cusp ∞ to the identity element of E. It has proved eminently fruitful to consider the images under the Weil parametrisation of Heegner points of X 0 (N ) (cf. Kolyvagin's work on Euler systems).
While it is difficult to write down explicit algebraic equations for X 0 (N ) (not to mention φ), complex uniformisation of E(C) and of X 0 (N )(C) provides a method for calculating the Weil parametrisation in practice. More precisely, the Riemann surface E(C) is isomorphic to C/Λ, where Λ is the lattice generated by the periods of a Néron differential ω on E (which is well-defined up to sign). Generators for Λ can be computed by Gauss's arithmetic-geometric mean formula for complete elliptic integrals, a quadratically convergent algorithm which works extremely well in practice. The curve E is then given up to isomorphism (over C) by the equation
and the complex analytic isomorphism
is decribed by the formula
where ℘ Λ is the Weierstrass ℘-function attached to Λ. Explicit formulae for Λ, g 2 (Λ), g 3 (Λ) and ℘ Λ can be found in [S] for example. Let f be the normalised cusp form of weight two attached to E, with Fourier expansion given by
a n e 2πinτ , a 1 = 1.
To calculate the coefficients a n , it is enough to compute a p for p prime, in light of the identity
This question in turn is reduced to counting the number of points of E over the finite fields with p elements, since a p = 0 (resp. 1, −1) if E has additive (resp. split multiplicative, non-split multiplicative) reduction at p, and
if E has good reduction at p. The pull-back φ * (ω) of ω by φ is a non-zero rational multiple of the differential
Assume for simplicity that φ * (ω) = ω f . (After replacing E by a curve which is isogenous to it over Q -the so-called strong Weil curve in its isogeny class -it is conjectured that φ can be chosen to satisfy this condition. When E is a semistable strong Weil curve, it is in fact known that φ * (ω) = ±ω f or ±2ω f . See the discussion in [Ed] .) Given τ ∈ H, and setting
a direct calculation shows that the following diagram commutes:
More precisely, for all τ ∈ H, the point P τ = (x, y) ∈ E(C) corresponding to it under the Weil uniformisation is given by the formula
It is of some interest to consider the complexity of calculating (x, y) as a function of τ . Proposition 1.1 For τ ∈ H, the calculation of the associated point (x, y) ∈ E(C) to d digits of decimal accuracy can be performed in
implies that the quantity J τ can be evaluated with an error of at most 10 −d using not more than
Fourier coefficients attached to E. Using the algorithm of Shanks (see Algorithm 7.4.12 in Cohen's book [Co] ), it is possible to compute M coefficients in time O(M 2 ). The evaluation of the sum
a n n q n can then be performed (using Horner's rule) with O(M ) multiplications. Each multiplication can be carried out in O(d log d) time using fast Fourier transform techniques. Since the subsequent calculation of ℘(J τ ) and ℘ (J τ ) is dominated by the time necessary to obtain J τ (see Algorithm 7.4.5 of [Co] ), the result follows.
Stark-Heegner points attached to real quadratic fields
Theory. The previous section motivates a conjectural p-adic analytic construction of so-called Stark-Heegner points, which are defined over ring class fields of real quadratic fields. The description of the method is simplified by the assumption that the conductor N = p is a prime, an assumption that will hence be made from now on. The elliptic curve E of conductor p has multiplicative reduction at p. Of key importance for the construction is Tate's p-adic uniformization of E
where q ∈ pZ p is the Tate period attached to E.
Following the notations that were used in [Da2] , set w = 1 if E has split multiplicative reduction at p, and set w = −1 if E has non-split multiplicative reduction at p. Some important features of the behaviour of the Stark-Heegner points on E are governed by this sign. It is known that w is equal to 1. the negative of the eigenvalue of the Atkin-Lehner involution W p at p acting on f ; 2. the sign in the functional equation for L(E/Q, s), so that, conjecturally, E(Q) has even (resp. odd) rank if w = 1 (resp. w = −1); 3. the eigenvalue of the Hecke operator U p acting on f .
Let K be a real quadratic field in which p is inert, and let H be a ring class field of K of conductor prime to p. Considerations combining the Birch and Swinnerton-Dyer conjecture with a determination of the signs in the functional equations of L(E/K, s) and its twists by characters of Gal(H/K) lead to the prediction that the Mordell-Weil group E(H) is equipped with a large collection of points of infinite order. (Cf. the discussion in the introduction to [Da2] .) Let H p := P 1 (C p ) − P 1 (Q p ) denote the p-adic upper half-plane. Fix from now on an embedding of K into C p . Since p is inert in K, note that K ∩ H p is non-empty. The Stark-Heegner points are indexed by elements τ ∈ K ∩ H p , and are defined by the rule
Z is a period attached to τ and f whose definition will now be recalled briefly.
The role played by the line integral of the differential form ω f in defining J τ in the setting of section 1.1 (when τ is quadratic imaginary) is now played by the double integral on H p × H introduced in [Da2] . More precisely (with only a minor modification to the notation) equations (71) and (72) of [Da2] attach to a normalized newform for Γ 0 (p) having rational Fourier coefficents a period function
HereΛ is the Z-module of rank two
Note that this lattice contains the period lattice Λ attached to E. The period of (2) is expressed as a limit of Riemann sums
where the limit is taken over uniformly finer disjoint covers of P 1 (Q p ) by sets of the form
In this limit, t U is an arbitrarily chosen point of U , and U := w ordp(det α) . The form of the definition, familiar from the theory of p-adic L-functions, is founded on the observation that the assignment
satisfies a distribution relation. Since it takes values in the finitely generated Z-moduleΛ, its values are p-adically bounded and hence this distribution gives rise to a p-adic measure against which locally analytic C p -valued functions on P 1 (Q p ) can be integrated.
As stated in lemma 1.11 of [Da2] , the double integral of (2) is additive in the first and second set of variables of integration, i.e.,
(Note that these relations are written multiplicatively in lemma 1.11 of [Da2] , because the double integral defined there takes its values in C × p . The notational discrepancy is in keeping with the common usage that the composition law on the abelian group C × p ⊗Λ should be written additively in relations (5) and (6) above.) By the third formula in lemma 1.11 of [Da2] , the double integral attached to E also satisfies the key invariance property under Γ := SL 2 (Z[1/p]):
Given any distinct elements a, b ∈ P 1 (Q), the group
is an abelian group of rank one. Assume for simplicity that E is alone in its Q-isogeny class.
Lemma 1.2 The double integral
Sketch of Proof. Since E has prime conductor, the assumption that E is alone in its isogeny class implies that ord p (q) = 1. Hence by theorem 1 of [Da2] (see also Remark 1 following the statement of corollary 3 of [Da2] )
The proof of theorem 1 of [Da2] is based on a deep conjecture of Mazur, Tate and Teitelbaum [MTT] proved by Greenberg and Stevens [GS] . A multiplicative refinement [MT] of these conjectures due to Mazur and Tate, which, for prime conductor, is proved by deShalit [deS] , allows the (Q p ) × tors -ambiguity in formula (7) to be removed. Lemma 1.2 follows.
Formal considerations explained in [Da2] , involving the cohomology of M -symbols, imply the existence of "indefinite integrals"
satisfying the properties
The first relation completely determines the indefinite integral, in view of the fact that the space of Γ-invariant (C × p /q Z ) ⊗Λ-valued functions on P 1 (Q) × P 1 (Q) satisfying the second relation is trivial. (In fact, this is already true for the SL 2 (Z)-invariant functions.)
To define the periodJ τ ∈ C × p /q Z ⊗Λ associated to τ ∈ K ∩ H p , we use the algebra embedding Ψ :
Ψ is defined by
, the group of units of O of norm one, which is greater than 1 with respect to the chosen real embedding of K. Then γ τ = Ψ(u) is a generator for the stabilizer of τ in Γ. DefineJ
From the properties of the indefinite integral sketched above, it can be checked thatJ τ is independent of the choice of x ∈ P 1 (Q). Let β :Λ → Z be a Z-module homomorphism. The following assumption is made on β: Assumption 1.3 The image β(Λ) is contained in 2c p Z, where c p is the Tamagawa factor attached to E at p.
The homomorphism β induces a homomorphism (denoted by the same letter by abuse of notation)
is called the Stark-Heegner point attached to τ ∈ K ∩ H p (and to the choice of functional β).
The conductor of τ is the conductor of the
is even, and odd otherwise. The action of Γ on H p preserves both the order associated to τ , and its parity. There are exactly h distinct Γ-orbits of even τ with associated order O, where h is the cardinality of Pic + (O), the group of narrow ideal classes attached to O. In fact, the group Pic + (O) acts simply transitively on the set of these Γ-orbits. (Cf. [Da2] , sec. 5.2). Denote by a * τ the image of a acting on τ by this action. Let H + denote the so-called narrow ring class field attached to the order O, and let rec : Pic
be the reciprocity map of global class field theory. The following is a restatement of conjecture 5.6 and 5.9 of [Da2] (in light of the fact that the integer denoted t in conjecture 5.6 is equal to 1 when the conductor of E is prime).
Conjecture 1.5 If τ ∈ K ∩ H p is a real quadratic point, then the Stark-Heegner point P τ ∈ E(C p ) is a global point defined over H + . Furthermore,
A slightly weaker form of this conjecture is Conjecture 1.6 If τ 1 , . . . , τ h is a complete set of representatives for the Γ-orbits of even τ attached to the order O of discriminant D, then the points P τ j are defined over H + and are permuted by Gal(H + /K), so that collectively these points are defined over K.
Computations. We now describe an algorithm for computing J τ . Set
where s is a nonsquare element of Z p − pZ p . If K is a real quadratic field in which p is inert, any point τ ∈ K ∩ H p is equivalent under Γ to a point in R. Hence, it suffices to describe an algorithm for computing
Let
an bn be a Farey sequence from x to y, i.e., a sequence of fractions in lowest terms satisfying
Let σ 1 , . . . , σ n ∈ SL 2 (Z) be elements satisfying
By the additivity and SL 2 (Z)-invariance properties of the indefinite integral, the period of (8) is equal to
Since R is preserved by the action of SL 2 (Z) it thus suffices to compute periods of the form
To carry out this last calculation, note that
Hence, it suffices to compute
where the notation is as before. Observe now that when τ ∈ R the function 1 + 1 t − τ is constant (mod p N ) on the sets
which cover P 1 (Q p ). It follows therefore from the additivity of the distribution (4) and the formula (3) that
The computation of the values
can in turn be performed efficiently using Manin's continued fraction method for calculating modular symbols. (Cf. for example [Cr] .)
Note that the running time of the above algorithm for computing J τ is dominated by the (p N − p N −1 )-fold product of (11) needed to approximate the double p-adic integral to a precision of p −N . Taking log(p N ) as a natural measure for the size of this problem, this algorithm has exponential running time. Motivated by proposition 1.1, it is natural to ask:
Question: Is there an algorithm for computing J τ to a p-adic acuracy of p −N in subexponential time?
Remark: A prospect for a polynomial-time algorithm (albeit one that is neither as efficient nor as simple as the method described in proposition 1.1) is offered by the conjectures of [Da2] . Observe that J τ can be recovered from its p-adic logarithm and its value (mod p). Thus it suffices to provide a polynomial-time algorithm for computing
Taking local expansions of the logarithm, this expression can be rewritten as
are constants independent of τ , and
are functions of τ that can be calculated in linear time. Thus to calculate J τ for any τ ∈ R to a precision of p −N , it suffices to calculate the (p + 1)N constants c j,k , k ∈ P 1 (Z/pZ) and j = 0, . . . , N − 1. The Shimura reciprocity and Gross-Zagier conjectures (to be discussed below) might provide a method for accomplishing this by predicting the values of J τ for sufficiently many τ to the necessary precision, thus reducing the calculation of the c j,k to a problem of linear algebra provided the values of τ can be chosen to produce a linearly independent set of equations.
Class fields of real quadratic fields
The experiments summarised in this section test the prediction of conjecture 1.6 that Stark-Heegner points are defined over ring class fields of real quadratic fields. All of the calculations were carried out using Pari-GP running on a Unix workstation 2 . Choose a Z[1/p]-order O in a real quadratic field K. Of particular interest is the case where Pic(O) is not of exponent two, since in this case the associated ring class field H is not abelian over Q, and no method is known for constructing points on E(H) without an a priori knowledge of H. Thus, in all the cases to be examined in this section, the order O has been chosen so that Pic + (O) is a cyclic group of odd order h.
Let E be an elliptic curve of prime conductor p, where p is inert in K and prime to the discriminant of O. Let τ 1 , . . . , τ h be a complete set of representatives for the SL 2 (Z[1/p])-orbits of even τ ∈ H p having stabiliser in M 2 (Z[1/p]) isomorphic to O, and let P τ 1 , . . . , P τ h be the associated Stark-Heegner points.
Example 1: Let O = Z √ 37 be the order of discriminant D = 4 · 37, the smallest positive discriminant of narrow class number 3. The smallest prime p which is inert in Q( √ 37) and for which the modular curve X 0 (p) + admits an elliptic curve quotient is p = 43. Let E :
be the eliptic curve of conductor p = 43 denoted by 43A1 in Cremona's tables. The elements τ 1 , τ 2 , τ 3 ∈ Q( √ 37) ∩ H 43 attached to the order O can be chosen to be
Let Ω + and Ω − denote the real and imaginary half-periods of E and define β :Λ → Z by
. The points
were computed to 5 significant 43-adic digits to obtain, after setting (x j , y j ) := P j : Since the sign of the Atkin-Lehner involution at 43 acting on f E is equal to 1, conjecture 5.9 of [Da2] (together with proposition 5.10) predicts that the 43-adic points P j = (x j , y j ) are algebraic and conjugate to each other over Q, and that their coordinates generate the ring class field of Q( √ 37) of conductor 2. A direct calculation reveals that
Let f x (t) and f y (t) denote the polynomials appearing on the right hand side of (12) and (13) respectively. The small size of their coefficients suggest that the mod 43 6 congruences in these equations are in fact genuine equalities. This guess is reinforced by the fact that f x (t) and f y (t) each have splitting field equal to H, and that, if x ∈ H is a root of f x (t), and y is the unique root of f y (t) defined over Q(x), then the pair (x, y) is an algebraic point on E(H).
A similar calculation -with the same value D = 4 · 37, and the same values of τ 1 , τ 2 , and τ 3 , but viewed this time as elements of the 61-adic upper half plane H 61 -was performed with the elliptic curve E : y 2 + xy = x 3 − 2x + 1 of conductor 61 denoted 61A1 in Cremona's tables. The x and y-coordinates of the StarkHeegner points attached to this order were computed to 5 significant 61-adic digits, and found to satisfy (to this accuracy) the polynomials with small integer coefficients x 3 − 3x 2 − x + 1, and y 3 − 5y 2 + 3y + 5.
As before, the splitting field of each of these polynomials is the ring class field H, and their roots, paired appropriately, give global points on the elliptic curve E = 61A over H.
. It is the smallest real quadratic field of (narrow) class number 5. The prime p = 61 is inert in K/Q, and X 0 (p) + admits an elliptic curve quotient; the curve E of conductor 61 denoted 61A1 in Cremona's tables, which already appeared in example 1. The following τ j ∈ H 61 : . The five points P τ j = (x j , y j ) were calculated to 4 significant 61-adic digits, yielding the values: 
Conjecture 1.6 (combined with proposition 5.10 of [Da2] ) predicts that the 61-adic points P τ 1 , . . . , P τ 5 are algebraic and conjugate to each other over Q, and together generate the Hilbert class field H of Q( √ 401). One finds:
and observes that the polynomials f x (t) and f y (t) appearing on the right both have H as splitting field. Furthermore, if x is a root of f x (t) and y is the unique root of f y defined over Q(x), then the pair (x, y) is an algebraic point on E(H).
Example 3. Similar calculations were performed on the real quadratic field K = Q( √ 577) of class number 7. When applied to the elliptic curve E = 61A whose conductor is inert in K, the method produces seven 61-adic points whose x and y coordinates ostensibly (i.e., to the calculated accuracy of 4 significant 61-adic digits) satisfy the polynomials with small integer coefficients:
f y (y) = y 7 + 71y 6 − 589y 5 + 204y 4 + 1582y 3 − 533y 2 − 22y + 5.
As in examples 1 and 2, the roots of these polynomials generate the Hilbert class field of Q( √ 577), and are the coordinates of global points on E defined over this class field.
Remarks: 1. In all the examples presented in this section, the Stark-Heegner points are integral points of small height, a fortunate circumstance which facilitates their identification. There is no reason to expect this pattern to persist, and in fact it is known (cf. [BD] ) that there is no elliptic curve E for which all the Stark-Heegner points are integral -in contrast with the case of the classical Heegner point construction, which does yield integral points on any elliptic curve E whose associated Weil uniformisation maps only cuspidal points of X 0 (N ) to the origin of E.
2. Certain elliptic curves -such as the curve 61A -seemed more amenable to the types of calculations described in this section, than others, such as 11A, on which the StarkHeegner points appear generally to be of larger height. The authors can provide no explanation, even conjectural, for this phenomenon -nor would they vouch for the fact that this observation is not a mere accident, an artefact of the small ranges in which numerical data has been gathered. With this caveat, the following question still seems to merit some consideration: Is there a quantity which would play the role of the degree of the Weil parametrisation in the classical Heegner point construction by controlling the overall heights of Stark-Heegner points?
3 Elliptic curves of small conductor
Elliptic curves with w = 1
The elliptic curve curve X 0 (11)
be the elliptic curve of smallest conductor N = 11. Given a discriminant D (not necessarily fundamental) write P + D (resp. P − D ) for the Stark-Heegner points of discriminant D attached to the choice of functional sending Ω + to 5 (resp Ω − to 5) and Ω − (resp. Ω + ) to 0.
Conjecture 5.9 and proposition 5.13 of [Da2] predict that P + D belongs to E(H), and that P − D belongs to E(H + ) − , where H and H + are the ring class field and narrow ring class field of discriminant D respectively, and the − superscript denotes the minus-eigenspace for complex conjugation. This prediction is borne out by the calculations whose outcome is summarised in tables 1 and 2 below.
Remarks:
1. In table 1 all the Stark-Heegner points for discriminants D < 100 (not necessarily fundamental) were calculated to an accuracy of 8 significant 11-adic digits. In all cases it was possible to find a global point defined over the appropriate class field, of fairly modest height, approximating the Stark-Heegner point to the calculated accuracy. In many cases, however, this accuracy was not enough to recognize these 11-adic points as global points over the appropriate class field H without making an a priori calculation of the Mordell-Weil groups E(H). This calculation in turn was facilitated by the fact that the class fields that arise for discriminants D < 100 in which 11 is inert are composita of quadratic extensions of Q.
2. Note that the points P + D seem generally to be of larger heights than the points P − D . The authors know of no theoretical justification (even heuristic) for this empirical observation.
3. Table 2 lists the Stark-Heegner points on X 0 (11) in the range 100 ≤ D ≤ 200.
4. The entries marked − − − in table 2 (as in the tables following it) correspond to situations where the Stark-Heegner points have not been calculated. In most cases, this is because the (rudimentary) search algorithm that was used to compute the relevant Mordell-Weil group did not produce a point in the relevant Mordell-Weil group, even though the existence of such a point is guaranteed by the Birch and Swinnerton-Dyer conjecture. At any rate, the authors are satisfied with the strong evidence for conjecture 1.5 provided by the data they have compiled, and believe that the missing entries in their tables are only a manifestation of their lack of persistence in fully carrying out their calculations.
The elliptic curve of conductor 17. Table 3 below summarizes the calculation of Stark-Heegner points on the elliptic curve 17A1 of coonductor 17, with equation given by
The points were computed to an accuracy of 5 significant 17-adic digits. When their height was too large to allow easy recognition of their coordinates as algebraic numbers, the Mordell-Weil group of E over the appropriate ring class field was computed, allowing the recognition of the points P 
In this case only the point P + D -defined by letting β be the functional sending Ω + to 6 and Ω − to 0 -was calculated, to an accuracy of 4 significant 19-adic digits.
Elliptic curves with w = −1
The elliptic curve X 0 (37) + Calculations similar to those of the previous section were performed for the elliptic curve E : y 2 + y = x 3 − x of conductor N = 37 denoted by 37A1 in Cremona's tables. For all real quadratic discriminants D satisfying (
for the Stark-Heegner points of discriminant D attached to the choice of functional β sending Ω + (resp Ω − ) to 1 and Ω − (resp. Ω + ) to 0. Conjecture 5.9 of [Da2] , which apply directly in this situation because E is unique in its Q-isogeny class, predicts that 1. The point P + D belongs to E(H), where H is the ring class field attached to the discriminant D.
The point P
, where H + is the narrow ring class field of discriminant D, and is sent to its negative by complex conjugation, so that in particular it is a torsion point if h = h + .
In light of the fact that the eigenvalue of the Atkin-Lehner involution W p at p acting on f E is equal to 1, proposition 5.10 of [Da2] (which is conditional on conjecture 5.9) also predicts that 3. If O has class number one, so that H = K, the point P + D belongs to E(Q). These predictions are borne out by the calculations, performed to 5 significant 37-adic digits in the range D ≤ 200, whose outcome is summarised in table 5 below. In these calculations, the heights of the Stark-Heegner points are quite small, and so they could usually be recognised directly as algebraic points without an independent calculation of the Mordell-Weil groups E(H).
The elliptic curve 43A Table 6 displays the corresponding data for the elliptic curve
of conductor 43 (denoted 43A in Cremona's tables), which has rank one over Q and Mordell-Weil group generated by the point P = (0, 0). The point P + D (resp. P − D ) corresponds to the choice of functional β sending the period Ω + to 2 (resp. Ω + to 0) and Ω − to 0 (resp. Ω − to 1).
The elliptic curve 61A Table 7 displays the corresponding data for the elliptic curve y 2 + xy = x 3 − 2x + 1 of conductor 61 (denoted 61A in Cremona's tables), which has rank one over Q and Mordell-Weil group generated by the point P = (1, 0). The point P + D (resp. P − D ) corre-sponds to the choice of functional β sending the period Ω + to 2 (resp. Ω + to 0) and Ω − to 0 (resp. Ω − to 1).
A Gross-Zagier conjecture
If K is a real quadratic field of narrow class number h, and E is an elliptic curve of prime conductor p which is inert in K, let
where τ 1 , . . . , τ h range over a complete set of representatives for the SL 2 (Z[1/p])-orbits of even τ ∈ H p with stabiliser isomorphic to the maximal Z[1/p]-order O of K. The Shimura reciprocity law predicts that P τ 1 , . . . , P τ h belong to E(H), where H is the Hilbert class field of K, and that these points are permuted simply transitively by Gal(H/K). This implies that P K belongs to E(K). Guided by the classical Gross-Zagier formula, the following conjecture is natural:
Assume furthermore that E satisfies the following additional assumption:
1. E is a quotient of X 0 (p) + 2. E is alone in its Q-isogeny class, so that in particular it has no rational torsion.
In this case, the Shimura reciprocity law of [Da2] predicts that the Stark-Heegner point P K belongs to E(Q).
Remark: The curves of conductor ≤ 101 satisfying these assumptions are the curves denoted 37A, 43A, 53A, 61A, 79A, 83A, 89A, and 101A in Cremona's tables.
The assumptions on E imply that w = 1, and hence that the sign in the functional
where
Suppose that E(Q) has rank 1 and is generated by P . The Birch and Swinnerton-Dyer conjecture predicts that
Combining (14) and (15) with conjecture 4.1 leads to the following:
Conjecture 4.2 Let s 2 be the cardinality of the Shafarevich-Tate group of E/Q, where s ≥ 0. Let K be a real quadratic field of discriminant D. If the rank of E(Q) is not equal to one, then P K is torsion. Otherwise,
where P is a generator for E(Q) and a(D) is an integer satisfying
The elliptic curve E : y 2 − y = x 3 − x of conductor N = 37 is equal to X 0 (37) + and hence satisfies all the assumptions made in the above conjecture. Furthermore E(Q) = P is infinite cyclic with P = (0, 0). For all real quadratic K of discriminant D ≤ 1000, the points P K were calculated to 4 significant 37-adic digits, as well as the integer a(D) defined as the smallest integer (in absolute value) satisfying the relation
to this calculated accuracy. Table 8 summarises the values of a(D) that were obtained in this range. The integer A(D) was computed by calculating the special value of L(E (D) , 1) numerically, and it can be verified that in all cases relation (16) holds. Tables 9 and  10 provide similar data, with the points P K calculated to an accuracy of 43 −4 and 61
respectively, leading to the same kind of experimental confirmation for conjecture 4.2 on the elliptic curves 43A and 61A treated in section 3.2.
Remarks:
1. It would be interesting to understand more about the nature of the numbers a(D). Are they the Fourier coefficients of a modular form of half-integral weight? 2. Note that the coefficients a(D) in tables 8, 9 and 10 are all even. The authors are unable to prove that the Stark-Heegner point P K is always an integer multiple, not to mention an even integer multiple, of the generator P . But it does follow from the Birch and Swinnerton-Dyer conjecture that A(D) is even.
[ 
